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1. Introduction

A research of many physical processes requires constructing mathematical models in a form of differential
equations or systems of differential equations, which are based on laws or properties inherent in this process.
Mathematical models, which are used to describe physical processes, usually contain arbitrary functions.
So, they form whole classes of differential equations or their systems. There is a question: how to choose
from a set of logically acceptable models the ones, which are more suitable for describing a specific physical
process than the others?

A long time ago, Jacobi has formulated conservation laws of classical mechanics on the basis of principles
of symmetry [22]. Later, Klein has analyzed equations of general theory of relativity from the same point of
view and emphasized an importance of the research of the group-theoretic nature of conservation laws for
differential equations [25]. In 1918, combining formal methods of calculus of variations and the theory of Lie
groups, E. Noether has formulated her theorem, according to which, the invariance of some properties of
a system corresponds to a certain conservation law [39]. The presence of symmetry in a system determines
the existence of a physical quantity, which doesn’t change, concerning this system. For differential equations,
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symmetry can be regarded as a principle by which only those models, which have a wide symmetry, can
be selected from a variety of acceptable models (equations, relations, etc.). In fact, all basic equations of
mathematical physics (Newton’s, Laplace’s, d’Alembert’s, Schrodinger’s, Liouville’s, Dirac’s and Maxwell’s
equations, etc.) are invariant under rather wide groups of transformations [13].

Thus, a selection from a particular class such systems, which have wide symmetry properties and, because
of this, are more suitable for describing certain physical processes, is an actual problem.

We consider a system of reaction—convection—diffusion equations

where U = (Z;), ut = u(z), x = (0, 71), F(U) = (f%®(u)), G(U) = (¢°*(u)) — arbitrary functional matrices
of the second order, H(U) = (h®(u)) — an arbitrary functional matrix of 2 x 1 order, a € {1, 2}, subscripts
mean partial derivatives. System (1) with certain nonlinearities F(U), G(U) and H (U) is applied for model-
ing of various processes of physics, chemistry, biology and ecology. Thus, modifications of system (1) are used
for description of transfer processes in a body, such as modeling of an oxygen transportation in a circulatory
system or modeling of a growth of thrombus in a wall flux. One of possible applications of system (1) in
ecology is study of a spread of pollutants in the water. In biology, a system of reaction—diffusion—advection
equations describes a model of a predator—prey community, a bacterial motion in colonies, influenced by
various factors, etc. Hydrodynamic instability at the interface between two immiscible liquids is observed in
such industries as oil refining, combustion processes, separation of ores, etc. A mathematical model of this
phenomenon also involves a system of equations of reaction—convection—diffusion. A transition to a complex
variable in system (1) allows obtaining models, which describe a motion of a quantum particle (Schrédinger
equation), a state of a superconductor in an external magnetic field (Ginzburg-Landau equation) and mag-
netohydrodynamic waves in plasma.

From the mathematical point of view, Eq. (1) describes not only one system, but a whole class of them.
Because of this it is very important to select from this class exactly those systems, which can describe
specific natural phenomena. A powerful method of choosing such systems is a method of symmetry. This
method allows to select those systems, which have wide symmetry properties, satisfy a principle of relativity
and can be used for description of physical processes.

It should be noted that symmetry properties of system (1) for different specific sets of matrices F(U),
G(U) and H(U) have been studied by many authors. For instance, in paper [10] the Lie symmetry of
a reaction—convection—diffusion equation has been researched. When G = 0, we obtain from system (1)
a system of reaction—diffusion equations, whose symmetry properties have also been a subject of many
papers. Thus, in [4-7,33-38] significant results have been obtained for different kinds of constant matrices
of diffusion.

Introducing certain restrictions for matrices F' and G = 0 we obtain a system of equations of chemotaxis,
whose symmetry properties have been studied in publication [47]. Besides this, a convection—diffusion system
can be obtained from system (1) (with H = 0). Works [8] and [9] are devoted to researching of Lie and
@-conditional symmetry of a two-dimensional system of this kind; in the case of a unit matrix F', the
invariance of a three-dimensional system of convection—diffusion equations in regard to a generalized Galilean
algebra has been studied in [46], in the case of arbitrary constant matrix F similar studies have been made
for a two-dimensional system in [48].

2. Problem statement and definition
It is well known (e.g., see [12,27]), that a linear heat equation

Upg = U11
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is invariant under the following algebra of operators

0o, 01, G=z001 +21Q0, Qo, (2)
D = 22009 + 1101 + Q2, (3)

2
I = 2300 + 292101 + 10Q2 + %Qo (4)

_ __1
where Qo = —Q2 = —5u0y.
One more equation, which is invariant under a similar algebra, is Burgers’ equation

Ug + uu1 = U1

whose maximal algebra of invariance (e.g., see [24,45]) is the algebra with basic generators

o, 01, G =901+ Q1, (5)
D = 2200y + £101 + Qa, (6)
I = 2300 + 202101 + 0Q2 + 71Q1 (7)

where Q1 = 0y, Q2 = —ud,.
Since operators G, given by formula (2) or (5), generate the Galilean transformations

/ /
Ty = To, xy =21 + 0z

of space (xg,z1) (e.g., see [17]), they are called the Galilean operators. Algebra (2) is called the Galilean
algebra with mass operator (g, and algebra (5) is known as the Galilean algebra without mass operator.
Algebras (2)—(3) or (5)—(6) are called the extended Galilean algebras, and algebras of operators (2)-(4) or
(5)—(7) are the generalized Galilean algebras.
In this paper we describe all the systems of class (1), which are invariant under the Galilean algebras
(with and without mass operator), supplemented by operators of large-scale and projective transformations.
Operators of the algebra (5)—(7) satisfy the following commutation relations:

[01,G] =0, (8)
[00, 01] = 0, [00, G] = 01, (9)
[00, D] = 200, [01, D] = 01, G, D] = -G, (10)
[00, IT] = D, [01,II] = G, [G,II] =0, (D, IT] = 211. (11)

In this regard, a three-dimensional algebra (X, Xs, X3), whose operators satisfy commutation rela-
tions (8)—(9), is called the Galilean algebra without mass operator and marked as AG(1,1); a four-
dimensional algebra (X, Xs, X3, X4), whose operators satisfy commutation relations (8)-(10), is called
the extended Galilean algebra with mass operator and marked as AG1(1,1); and a five-dimensional alge-
bra (X7, X2, X3, X4, X5), whose operators satisfy commutation relations (8)—(11), is called the generalized
Galilean algebra without mass operator and marked as AG5(1,1).

Operators of the algebra (2)—(4) satisfy commutation relations (9)—(11) and the following commutating
relations:

[01, G] = Qo, [00, Qo] = 0, [01, Qo] = 0, (G, Qo] =0, (12)
[D7 QO] =0, (13)
[T, Qo] = 0. (14)
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In this regard, a four-dimensional algebra (X7, X5, X3, X4), whose operators satisfy commutation re-
lations (9) and (12), is called the Galilean algebra with mass operator and marked AG™(1,1); a five-
dimensional algebra (X7, X5, X3, X4, X5), whose operators satisfy commutation relations (9), (10) and
(12), (13), is called the extended Galilean algebra with mass operator and marked as AG}!(1,1); and
a six-dimensional algebra (X7, X2, X3, X4, X5, X), whose operators satisfy commutation relations (9)—(11)
and (12)(14), is called the generalized Galilean algebra with mass operator and marked as AG3?(1,1). The
numbers in the brackets mean that the space of independent variables of the system of differential equations
consists of two variables: one temporal zy and one spatial z;.

3. The system of determining equations. Converting the equivalence of system (1)

Using the infinitesimal Lie method, we find a system of determining equations for nonlinearities F'(U),
G(U), H(U) and coordinates of the infinitesimal operator of the group of symmetry of system (1).

The following statement is true.
Lemma 1. The system (1) is invariant under the infinitesimal operator

X =&*(z,u)0, +n°(z, u)Oye (15)

if and only if functions &*, n®, F, G and H satisfy the following system of determining equations

& =¢&h. =0, (16)

FOnl s + X0l ya =0, (17)

n°fel 4 (€0 = 260) £ + nSu £ = i f =0, (18)

19l + (€0 — €1) 9 + 050 g™ — ngeg® + 05 (Fal + F15) + 2050 £ — €11 " + 8l = 0, (19)
ke + E0h® — nich® + by f7 + 179" — 0§ =0 (20)

where f°, g®® and h® are components of functional matrices, respectively F(U), G(U), H(U), a,b,c,d €
{1,2}, p € {0,1}, dqp is the Kronecker symbol, and subscripts mean partial derivatives.

Lemma 1 is proved by S. Lie’s standard method (e.g., see [27,40,41]).

Definition 1. We call an algebra, for which the system is invariant with arbitrary nonlinearities F', G, H,
the basic algebra of invariance of Eq. (1).

As a consequence of Lemma 1, the following statement is right.
Lemma 2. The basic algebra of invariance of system (1) is the algebra

AP = (9, By). (21)

Proof. If we split the system of determining equations (16)(20) accordingly to arbitrary elements f°, g,

h® and their derivatives, we obtain

EO = Co, 51 = (1, 77a =0 (22)

where ¢g, ¢; are arbitrary constants. Operator (15) with coordinates (22) generates algebra (21).
Lemma 2 is proved. O
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An important role in the group classification of a class of differential equations belongs to the equivalent
transformation of that class.

Definition 2. Equivalent transformations are transformations of dependent and independent variables, which
transform an arbitrary equation (or a system of equations) from any class of differential equations to
a differential equation (a system of equations) of the same class.

Knowing equivalent transformations we can divide a class of differential equations into nonequivalent
subclasses, find a canonical representative in every subclass, study its symmetry properties and, by means
of these transformations, extend the obtained results to all equations of that subclass.

The following statement is true.

Lemma 3. The group of continuous transformations of equivalence for system (1) is the group

x( = agxo + bo, zy = a1x1 + gxo + by, (23)

u = agpu’ + B, (24)
where ay, b, ap, Ba, g are arbitrary constants.

The proof of Lemma 3 is carried out by the method described in the paper [1].
All further considerations are made to within equivalence transformations (23) and (24).

4. Representations of the Galilean algebras
4.1. Representations of the Galilean algebra AG(1,1) and its extensions

We set the view of operators of Galilean algebras without mass operator, under which system (1) can
be invariant. We clarify the general appearance of infinitesimal operator (15) for system (1), satisfying
Egs. (16), (17).

From system of equations (16) it implies that £° = A(zo), €' = B(xg, 1), where A(xg), B(xo, 1) are
arbitrary smooth functions of their arguments. We consider system of equations (17) as a linear algebraic
system with respect to unknown functions 7%, .. The determinant of this system is A = (1) - (2) where the
expressions

fll f12

O -

are the traces of matrix F' = (f%°) of the Ist and 2nd orders respectively.

Since at (2) = 0 system (1) describes processes associated with the behavior of a two-phase fluid, and at
(1) = 0 system (1) is an equation of the Schrédinger type for a complex function ¢ = u! + iu?, we assume
that

A #0. (25)

Linear system (17) is homogeneous with respect to variables n¢, . with condition (25) and has only the
trivial solution
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The general solution of system (26) is 7% = a®(zg, z1)u® + % (zo, 1) where a®®(zg,z1), B%(xo, 1) are
arbitrary smooth functions of their arguments.

Thus we have defined the following statement.

Theorem 1. If system (1) with condition (25) is invariant under the operator (15), then this operator has
the form

X = A(.Z‘())ao + B(CL‘(), x1)81 + [Oéab<.’130, xl)ub + ﬁa(l‘o, 31‘1)] Oye (27)
where A, B, a®, B are arbitrary smooth functions of their arguments.

Since system (1) with arbitrary nonlinearities F', G, H is invariant under algebra (21), we take operators
X1 = 0y, Xy = 0 as two operators of the Galilean algebra and, as Theorem 1 implies, we search for
the third operator of this algebra in the form (27), where A(x), B(zo,z1), a®(zo,71) and 3%(zo, 1) are
unknown functions.

Using commutation relations (8)—-(9), we get

A=B1=0, Bo=1 of=0a{"=85=p{=0. (28)
Solving Egs. (28), we obtain that operator X3 is
X5 = 0o + (z0 + 1)1 + [1apt” + Bra]Dus

where ¢y, ¢1, Q14p, PB1a are constants of integration. So, considering G = X3 — cgdy — ¢101, we get the
realization of algebra (8)—(9) for system (1):

AG(L 1) = <80, o, G =x901 + Q1>, (29)

where Q1 = (a1apu® + B1a)0ya-

In paper [42], to within all possible local transformations, non-equivalent realizations of algebras of
1-4 orders were determined. Among the algebras presented in this paper was algebra (29), but provided
that @1 = 9,1. Since system (1) does not allow all the possible equivalence transformations, but only
transformations in the form (23), (24), the class of operators for it is wider.

Similarly, using commutation relations (8)-(11), we conclude that the basic generators of the extended
and generalized Galilean algebras without mass operator, under which system (1) can be invariant, are

AGl(l, 1) = <80, 81, G = 33‘081 =+ Ql, D = 256060 + 2101 + Q2>, (30)
AG5(1,1) = {8y, 01, G =001 + Q1, D =230 + 2101 + Q2,
IT = 230y + w0x101 + 71Q1 + 20Q2 + Q3) (31)
where
Q1 = (wapt’ + Bia)Ous,  uap, o — const, I =13, (32)

and operators @Q; should satisfy the following conditions

[Q1,Q2] = —Q1, [Q1,Q3] =0, [Q2, Q3] = 2Qs. (33)
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Table 1
Non-equivalent representations of the extended Galilean algebra
without mass operator.

Q1 Q2
1. Oyt —ulaul + ku2au2
2. Oy —I+ u28u1
3. Oyt —ulaul + Ouy2
4. Oyt + ’ulauz -1 — u26u2
5. ulauz kI + ulaul
6. ulauz ’ulaul + Oy2
Table 2
Non-equivalent representations of the generalized Galilean algebra without mass operator.
Q1 Q2 Qs
1. Oyt —ulaul + ku28u2 0
2. Oyt —ulaul + u23u2 u28u1
3. Oyt —I+ uzaul 0
4. Oyt 771,181‘,1 + Oy2 0
5. Oy + Tutdy,2 B POy2
6. uld,: —I — 1?9, Oy2
7. uld,: kI + uld, 0
8. uld,: uldyr + 9,2 0

4.2. Classification of the representations of the Galilean algebra AG(1,1) and its extensions

In [18] the representations of the Galilean algebra without mass operator are classified, and it is found
that there are 5 different representations of this algebra, which are non-equivalent with respect to trans-
formations (24). In fact, as it can be seen from formula (29), these are unequal representations of the
operator (1, which we give below, taking into account also transformations (23):

Q1 =0, + Tulau2, Q1 =0y, + u28u2, Q=711+ ulauz,
Q1 =TI+ ku?0,2, Qi =kI+J (34)

where 7 € {0,1}, k € R, I = w01 +u?0y2, J = uldyz — u0,1.

Thus, the only possible realization of the algebra AG(1,1) for system (1) is algebra (29), where opera-
tor @1 has the form of one of those five cases presented in formulas (34).

In paper [48] representations of the extended and generalized Galilean algebras without mass operator
are classified. In fact, these are non-equivalent sets of operators @)1, Q2 for the extended Galilean algebra
and operators @1, @2, Q3 for the generalized Galilean algebra. In [48] these operators are given to within
transformations (24). Since the system (1), besides transformations (24), allows also equivalence transfor-
mations (23), so we specify the form of operators @;. The results of this specification are represented in
Tables 1-2.

Therefore, the only possible realization of the algebra AG;(1,1) for system (1) is algebra (30), where
operators @1, Q2 have one of the six forms shown in Table 1.

The only possible realization of the algebra AG2(1,1) for system (1) is algebra (31), where operators @1,
@2, Q3 have one of the eight forms shown in Table 2.

In Table 2 (1,p)e{(0,1), (1,k)}.

4.3. Representations of the Galilean algebra AGM(l, 1) and its extensions

We call the Galilean algebra with mass operator as one of the realizations of a four-dimensional linear
algebra of differential operators of the first order, for which commutation relations (9) and (12) are fulfilled.
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Table 3
Non-equivalent representations of the Galilean algebra with mass operator.
Qo Q1
1. Oyt 7102 + 72u28u1
2. 710, + rguzauz 110, + lz’uzauz
3. 710, + u18u2 ToOy2
4. s1ut0u1 + sou0,2 plulf)ul + p2u28u2
5. rl + rou?0,: 111 + lou?0,:
6. k‘11+k‘2J p11+p2J

Using commutation relations (9) and (12) and taking into account results of Theorem 1 we get that
algebra AGM(1,1) has the realization

AGM(1,1) = (8y, 01, G = 2001 +21Q0 + Q1, Qo) (35)

where operators (g, Q1 are set by formulas (32) and satisfy condition [Qq, Q1] = 0.

As we stated above, in [42] non-equivalent realizations of algebras of the 1-4 orders are specified to within
all possible local transformations. Since system (1) does not allow all possible equivalence transformation,
but only transformation in the form (23) and (24), the class of operators o, Q1 for it is much wider.
Therefore, among the algebras given in [42], algebra (35) is present, but only at Q¢ = 9,1, Q1 = Oy2.

Thus, the only possible realization of the algebra AG™(1,1) for system (1) is algebra (35). Similarly,
using commutation relations (9)—(11) and (12)—(14), we conclude that the basic generators of the extended
and generalized Galilean algebras with mass operator, for which system (1) can be invariant, are

AGY(1,1) = (o, 01, G = 2001 +21Q0+Q1, Qo, D = 2x00y+x191+Q2), (36)

AGY(1,1) = <507 01, G = 2001+21Qo+Q1, Qov, D = 2x00p+2,0,+Q2,
2 55%
II = 2500 + Tox101 + x0Q2 + 21Q1 + 7@0 + Q3> (37)

where @, = (oz,,abub + Bra)Ouay Quab, Bua are constants, v = 0,3, and operators @, must satisfy conditions
(33) and the following commutation relations: [Qo, Q] = 0.

4.4. Classification of the representations of the Galilean algebra AGM(l, 1) and its extensions

The classification of the representations of the Galilean algebra with mass operator, and the extended
and generalized Galilean algebra with mass operator is made in paper [48], but this classification, as we
have noted above, was made only to within equivalence transformations (24). Therefore, we specify rep-
resentations of operators @, by using transformations (23). Furthermore, considering the fact that Qg is
a part of AGM(1,1), AGM(1,1) and AGY(1,1), we used it to reduce the representations of operators Q;,
taking a linear combination of operator Qo with appropriate operators of these algebras. The results of the
reduction are given in Tables 3, 4 and 5. Thus, non-equivalent sets of operators QQg, (J1, which are possible
to within equivalence transformations (23), (24), are represented in Table 3.

In Table 3 (r1,72)€{(0,1),(1,0),(1,1)}, and

at (ri,72) = (0,1), (I1,12) = (1
at (7‘1,']"2) = (1,0), (l1,12> = (O7
at (Tl,Tg) = (1, 1), (ll,lg) S {(

(s1,82) € {(1,s),(0,1)}, and
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Table 4
Non-equivalent representations of the extended Galilean algebra with mass operator.
Qo Q1 Q2
1. Oyt 0 71042 + 7'2'u,28u1
2. Oyt Tuzaux qu28u2 + k30,1
3. 8u1 auz k38u1 - u23u2
4. 7O, + uzauz 0 POy + k3u28u2
5. ’u28u2 aux kguzauz — u18u1
6. TOu + ulauz 0 pOy2 + k3 (70,1 + ulauz)
7. ul By Oy2 -1
8. s1utByr + s2u?8,: 0 miutByr + mou?,2
9. 71 + pu?d,1 0 nil + nau?0,:
10. I w29y u?8,2 + ksl
11. 71+ pJ 0 mil + moJ

at (81’32) = (135)7 (p1,p2) € {(070)7 (071)}7
at (31352) = (Ovl)a (P1,P2> € {(0’0)7 (170)}§

(k1, k2) € {(1,k),(0,1)}, and

at (k17k2) = (1vk)v (p17p2) € {(070)’ 0
at (k17k2> = (07 l)a (p17p2) € {(070)7 (170)}a

k,k3,s € R, and s # 0, k3 + p3 # 0;
Thus, to within equivalence transformations (23) and (24) the only possible realization of the Galilean

—

—
N
—

algebra with mass operator for system (1) is algebra (35), where operators Qg, @)1 have one of the six forms
shown in Table 3.

Similarly, to within equivalence transformations (23) and (24), for system (1) the only possible realization
of the extended Galilean algebra with mass operator is algebra (36), where operators o, @1, Q2 have one
of the forms given in Table 4.

In Table 4 (1,q) € {(0,s), (1,1)}, (1,p) € {(1,k),(0,1)}, and

if (1,p) = (1,k), then (n1,n2) = (0,1), (m1,ma) = {(0,m)},
if (1,p) = (0,1), then (n1,n2) = (m,0), (my,mz2) = {(m,0)};

(31352) € {(]‘?S)ﬂ (07 1)}; and

at (81782> = (1»3)7 (m17m2) = {(Ovm)}u
at (s1,82) = (0,1), (my,ma) = { ;

m € R.

All the possible sets of operators Qg, Q1, Q2, Q3 for algebra (37), which are non-equivalent under
equivalence transformations (23), (24), are represented in Table 5.

Thus, to within equivalence transformations (23) and (24) the only possible realization of the generalized
Galilean algebra with mass operator for system (1) is algebra (37), where operators Qp, @1, Q2, Q3 have
one of the forms shown in Table 5.

5. Invariance of system (1) under the Galilean algebras
5.1. Invariance of system (1) under the Galilean algebra without mass operator

We study with what nonlinearities F', G and H, system (1) is invariant under the Galilean algebra
AG(1,1).
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Table 5
Non-equivalent representations of the generalized Galilean algebra with mass operator.
Qo Q1 Q2 Qs
1. Oyt 0 T1042 + Tzuzaul 0
2. 8u1 0 k38u1 — 2u28u2 Tauz
3. Oyt 0 k30,1 + 2u28u2 Tu28u1
4. Oyt Tu28u1 k30,1 + u28u2 0
5. Oyt T2 k3Ou1 — u?0y:2 0
6. TOu + u23u2 0 k}guzauz + pOy1 0
7. w2, 0 ksu?0,2 — 2utdy: TOu1
8. TOu + ulauz 0 k3 (1701 + ulauz) + pOy2 0
9. uld,e 0 ksu'd,2 — 21 TOy2
10. u' 2 Dye —I 0
11. s1utBy + s2u?8,: 0 miutdy + mau?d,: 0
12. w22 T Oyt k3u?8,2 — u'd, 0
13. I w291 ksl + u?8,2 0
14. I 0 ksl — 2u28,2 Tuld,:
15. I 0 ksl + 2u%8,: Tu20,
16. 71 + pu?d, 0 n1l + noud, 0
17. 71 4+ pJ 0 mil +moJ 0

The following statement is true.

Theorem 2. System (1) is invariant under Galilean algebra (29) if and only if nonlinearities F(U), G(U)
and H(U), to within equivalence transformations (23) and (24), are

11,121 12
et 2
1. F(U) = D(u',p) =
(U) (“ ’50) <<p21+(g011g022)ru1<p12(Tu1)2 8022+80127U1> )

H(U>=( X ) w—ut -

X2 + XlTul

G(U) = D(u',¢) —u'E,

if Q1 = Oy + Tul0y2;

2 o £
2 FU)=D(u" =< u ),
v) ( ) o2 22

if Q1= O + uzauz;

2 11 1242 12
3. F(U):D<u_17%0> :< 91 1190 2;0 zul 19/ u2\2 29 4 12 2)7
u P+ (=) — et (n)T e et
u? u? x'u! 1 _yul
G(U)_D<Ja¢>ﬁE, H(U)_(X1u2+xzu1>7 w=ue ul,

if Qu =71 +u'dye;

w2 8011 8012 ut
4 F(U)_D('U})@)_( 21“_2 2; )a
’U.l
u2 ) Xlul (u1)k;+1
G(U):D(E,w)—lnu E, H(U):(x2u2> w= TR

if Qr =T+ ku2d,2;
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3 _ 2u! a,b 4 203 a b
— 2 €a u - — = €a U
5 Ry = Dltat,g) = (£, T ),
90 - _6ab§0au 4,0 - —(5ab<pau
1 5oy L
GU) = D(u17u2,w) — arctan %E, H{U) = <—;fo‘?ub> 7 w = 2Pk arctan 2
ifQr=kI+J,
where @ = (u',u?), ¢ = p*(w), P = P (W), x* = X" (W), ¢’ = ¢'(W), ¥’ = Y*(w) are arbitrary smooth

functions of argument w, view of which is given in every item, F is a 2 X 2 unit matriz, € = (€qp) = ((1) _01)
and i = 1,4.

Proof. We find functional matrices F(U), G(U) and H(U), at which system (1) is invariant under Galilean
algebra (29). For this we have to substitute corresponding functions £# and n*, which were obtained from
the representations of the operators of algebra (29), into system of determining equations (16)-(20) from
Lemma 1 and solve it for each realization in (34). Since formula (27) specifies the form of infinitesimal oper-
ator (15), satisfying Eqs. (16) and (17) of the determining system, we substitute corresponding functions £#
and n® already only into Egs. (18)-(20) of the determining system.

We illustrate the proof of this theorem by the example of the first realization in (34). It determines the
basic operators of the Galilean algebra

dy, 01, G =2x001 + Oy + Tulauz (38)
and the coordinates of operator X:
60 :d07 51 :ng"i_dl» 771 =9 772 :gTul (39)

where g, d,, are arbitrary constants. Substituting (39) into system (18) (20) we see that it is reduced to the
following system for finding functions f°, g?* and h® and for specifying the coordinates of the infinitesimal

operator:
(501 + JCQTUI) 3? + T(§b1fa2 - 5a2f1b) = O, (40)
(6c1 + Geatul) g2 + T (0p19°% — 6429™) + 6ap = 0, (41)
(551 + 552T’U,1)hzc — (SagThl =0. (42)

The general solution of system (40)(42) is

U= ol o121 F12 = 12
2= cp21+(<p11—cp22)7u1—g012 (Tu1)2’ 122 = 224 1201,

gl = 1/)11_(1 +71/)12)u1, g2 =12,

2! = ¢21+(7/111—1/122)TU1—?/112 (Tu1)2, g2 = ¢22_(1 _ T’(/le)ul
A=y, h2 =2+ y'rul,

under which system (1) is invariant under the Galilean algebra without mass operator. Here, % = ¢ (w),
1P = (w) and x* = x%(w) are arbitrary smooth functions and w = u? — (u ) , that coincides with the
first item of Theorem 2.

Solving in the similar way system of the determining equations for the other representations of the
Galilean algebra without mass operator (34), we obtain the rest of the items of Theorem 2.

The theorem is proved. O
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5.2. Invariance of system (1) under the extended Galilean algebra without mass operator

We study at what nonlinearities ', G and H system (1) is invariant under the algebra AG;(1,1).
The following statement is true.

Theorem 3. System (1) is invariant under extended Galilean algebra (30) if and only if nonlinearities F', G
and H, to within equivalence transformations (23) and (24), have the form

A1l )\12(U2)m_1>

1. F(U)=D(u?\) = </\21(u2)1m oy

1 u2 3m
GU) = D(u?, ) (u*)" —u'B,  H(U) = <y2(1(¢2)2)m+1>

_ _ 1 1,29 .
when Q1 = 0y1, Q2 = —u Oy — —-u"0y2;

when Q1 = 0,1, Q2 = —u'Oy1;

A1 — A91 In u? A2 + ()\11 — )\22) lnu? — Aol In? ’LL2>

— 2 —
3 F(U) o D(u 7)\) o ( )\21 )\22 + )\21 In u2

G(U) = D(u2,u)u2 B (ul 12 1nu2)E, HU) = <1/1 — Zg lnu2> (u2)3

when Q1 = 0y1, Qo = —I1 + u?0,1;

when Q1 = 0y, Q2 = —ulOy1 + Oy2;
1
A1—A122 Az
5. FU) = D(u',w,\) = ( A T
Aorv/wt(An—A)u' —A2 = AsetAie s
141

R N P I

w=u?— (“;)2, when Q1 = Oyt +u0y2, Qo = —I — u?0y2;

>\11—>\12% Apg(ul)™™
6. F(U) = D(u',u? ) = < 1ym “ (u?)? w2 )
Ao (u') " +(An—Ae2) Ir— A grnmr At gnwr

1

G(U) = D(u',u®, ) (u')" = Z_E’ H{U) = (VQ(ul):Llﬁ + V1u2> (u)™"

1 1 17.
when Q1 = u'dy2, Q2 = u' Gy — ™HLT;
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1

-1 BN 2 1 u? 0
_ uw? ) U Y B HWU) =
when Q1 = u'dy2, Q2 = —u2dy2;
At — Arp(u® —Inut) Argu!
_ 1,2 _
8. F(U) = D(U , U ,)‘) = ( )\21+()\117)\22)(u27114riul)f)\12(u27ln ul)? Ngo + /\12(u2 _ lnul)) ’
G(U) _ D( 1,2 )i _ ME H(U) = V1U1 (U1)72

=LDlu,us,p ul ul ’ -\ +r(u? —Inub)

when Q1 = u'0y,2, Q2 = u'dy + 0,2,

where ©* and 1 are arbitrary smooth functions of their arguments and Agp, lab, Va and m are arbitrary
constants.

Proof. We find functional matrices F(U), G(U) and H(U), at which ones system (1) is invariant under
extended Galilean algebra (30). To do this, we use the classification of representations of algebra (30) shown
in Table 1.

Since Eqgs. (16)—(17) of the determining system have been solved (see Theorem 1), so, for finding functions
2 (u), g% (u) and h®(u), at which ones the system of equations (1) is invariant under the extended Galilean
algebra without mass operator, we substitute corresponding functions £* and n®, which were got from the
representations of operators of algebra (30) into Egs. (18)—(20) of the determining system and solve them
for each item of Table 1.

We illustrate the proof of this theorem by the example of a realization of the extended Galilean algebra,
which was obtained in the first item of Table 1. The realization of operators @ and @2, which are written
down in that item, defines the basic operators of the extended Galilean algebra

0o, 01, G =x001+ Oy, D = 2x00y + 2101 — ulaul + k‘u28u2 (43)

and the coordinates of operator X:

&% = 2cxo + do, ¢ = cxy + gao + di, nt = —cu' +g, n? = cku? (44)

where ¢, g and d,, are arbitrary parameters.
Substituting (44) into determining system (18)—(20) and taking into account formulas (40)—(42) for 7 = 0,
we see that it is reduced to the following system for finding functional matrices F(U), G(U), H(U):

—ul O 4 ku? O 4-Gar f 10— 001 f O K (Gp2 f 2~ a2 f?) = 0, (45)
—u' g2 +ku? gl +0419"0 —0p1 9™ +k (0p29"2 —0a29%") +9* = 0, (46)
—uth% +ku?he s +841ht —Saakh?+20% = 0. (47)

It is evident that algebra (43) is obtained by adding a dilatation operator D to algebra (38) at 7 = 0.
Since the nonlinearities, at which system (1) is invariant under the Galilean algebra without mass operator
for Q1 = O,1, have been found in Theorem 2, we use them to solve system (45)—(47). We substitute the
meaning of the nonlinearities from the first item of Theorem 2 at 7 = O:

11 12 11 12 1

o Pty ) 1 (x ) 2

F= , G= ( —u B, H = , w=1u
< ()021 ()022 ) 11)21 w22 XZ
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into system (45)—(47) and solve it. The solution of the obtained system obviously depends on the meanings
of constant k. Thus, at k # 0 the general solution of system (45)—(47) is

fll :)\117 f12 :AIQ(UZ)_%_la
21 _ 2% +1 22 _ ..
f Aot (u?) / A22;
gl = ,un(U?)_% —ul, g12 = u12(u2)_%_1,
9% = parv?, 9% = M22(U2)_% —u';
' =y ( 2)*% h? = 2)*%+1
1(u ) va(u (48)

where Agp, fab, Vo are arbitrary constants.

Thus, with nonlinearities (48) the system (1) is invariant under the extended Galilean algebra. Substi-
tuting —% = m into the obtained functions, we proceed to the nonlinearities described in the first item of
Theorem 3.

At k =0, system (45)-(47) is satisfied for the functions

fo-(5 ) (3 %) ()

where % = ¢%(u?) and ¢ = 1)(u?) are arbitrary functions, which correspond to the second item of Theo-
rem 3.

Similarly, solving the system of the determining equations for all the presentations of algebra (30) from
Table 2, we obtain the rest of the items of Theorem 3.

The theorem is proved. O

5.8. Invariance of system (1) under the generalized Galilean algebra without mass operator

We research which meanings of functional matrices F'; G and H allow system (1) to be invariant under
the algebra AG2(1,1).
The following statement is true.

Theorem 4. System (1) is invariant under generalized Galilean algebra (31) if and only if nonlinearities F', G
and H, to within equivalence transformations (23) and (24), have the form

. ro= (5 ).
aoy= (S Y p ey - (260,

Zf Ql = au17 QQ = _ulaul - %u26u27 Q3 = O} m 7é 07 1;
A1t )\12) < 0 M12> 2 1 (V1) 2\3
2. FU) = s GWU) = - E7 HU) = )
) <)\21 22 ) -1 oo v ) (%)
Zle = aul; Q2 =—I, Q3 =0;

A0

3. F(U)—<O .

), GU)=—u'E, H(U)_<8),

Zf Ql = au17 QQ = _u18u17 Q?) = 0;
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)\11 )\12 + ()\11 — )\22) In ’U,2
. F(U) = ’
! ©) ( 0 A22
cuy— (L met o)l £ gy (e oy
S\l p22 — 2Inu? ’ - Vs g
Zf Ql = 8u1¢ Q2 = _I+u2au17 Q3 = 0:'
A Ape ™ 0 pze 2" vie3v’
. = = 2 — H = 2
s ro=( ) e (] Ml ) s @)= (D),
Zf Ql = au17 QQ = 7U10u1 + au27 Q3 = 0;
_/\12u1 A2 1
. F = _
0 (U> (—>\12(U1)2 — 2\ 10w — )\22\/U_JU1 /\22\/(; + /\12“1 ) \/C_U,
1
_‘LL12u :u12 1
GU) = —u F,
o) <—H12(u1)2 — 2w — poav/wul  peay/w + prgut )

") = <y2¢ayi Vlul) Vs, w=u- L

Zf Ql = aul +u18u2; QQ =—-I- uzauz; Q3 = 0;

7 P(U) = (Agl ;;), G(U) = (8 ”82> _W'E,  HU)= <(32)2),

Zf Ql = au17 QQ =—I- U28u2, Q3 = auz;

> Py = ((k(sz +1) — Ag)ut >\22) '
—ppout H12 - 0 _ (u')
)= (ag o tat )~ B HO= ()0 =t

Zf Ql = au1 +u18u2; QZ e U28u2, Q3 = kavﬂ; k 7{ 0;

6w = ( P ()" + 52 i )~
pon (w2 () R ()2~ )Wl
141 1\2m+1
H(U) = ,
= (s ez ) )
Zle = ulauQ; Q? = _mTHI+u18u1} Q?) = 0; m 7é 07'
0 0 u? 0
: = { .2 , GU)=-—E, HU)= ,
o (gl B) - tn ao-()

Zf Ql = u18u27 Q? - —u26u2; Q3 = 0;

A11 0
11. F(U) = (}\21+2/\11(u21nu1) A ) ’
ul ALl
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p11 — 2(u? — Inut) wt\ 1 viut 1
G(U) = ( #21+(#11*1)(u2*ulil“1)*(“2*1n u')? 1 E’ H(U) - vy + yl(u2 —In ul) W’

Zf Ql = ulauQ; QQ = ulaul + 8u27 QS =0,
where 0 = O(u'), ¢ = p(u?) are arbitrary smooth functions of their arguments.

Proof. We find functional matrices F(U), G(U) and H(U), under which system (1) is invariant under
the generalized Galilean algebra without mass operator (31), which is determined by operators @1, Qs
and Q3. Non-equivalent representations of these operators (i.e. actually non-equivalent representations of
the generalized Galilean algebra) are given in Table 2.

As in the previous theorem, for finding functions f%(u), g*°(u) and h®(u), which make the system of
equations (1) invariant under the generalized Galilean algebra, we substitute the corresponding functions £*
and n*, derived from the representations of the operators of algebra (31) into Egs. (18)—(20) of the deter-
mining system and solve it for each item in Table 2.

We illustrate the proof of the theorem by the example of the generalized Galilean algebra, which was
obtained from the first item of Table 2. The realization of operators @1, @2 and (3, which is written in
that item, determines the basic operators of the generalized Galilean algebra:

dy, 01, G =x001 + Oy, D = 2x¢0y + 101 — u16u1 + k‘u28u2,
IT = 2200 + 202101 + 210,10 + 20 (*Ulaul + kuzﬁuz), k # -2, (50)

and the coordinates of operator X:

I :ax8+26:r0+d0, £ = axoxy + cxy + gro + dy,
n' =a(z1 —zou') — cu' + g, n? = (azxo + c)ku?, k# —2 (51)

where a, ¢, g and d,, are arbitrary parameters.
Substituting (51) into determining system (18)—(20) and taking into account formulas (40)—(42) (at 7 = 0)
and (45)(47), we see that it can be reduced to the following system of equations:

;ﬁ) + al — ) gal"i_(salul_5(12ku2 =0. (52)

ub T

It is evident that algebra (50) has been obtained by adding operator of projective transformations IT to
algebra (43). Since nonlinearities, at which system (1) is invariant under the extended Galilean algebra for
Q1 = 0y, Q2 = —u'dy1 + ku?d,2, have been found in Theorem 3 (namely, functions (48) at k # 0 and (49)
at k = 0), we use them to solve system (52).

We start from the case at k& # 0. Substituting functions (48), which were found in Theorem 3, into
system (52), we see that its solution depends on the meaning of the constant k as follows:

(a) at k # —1 the general solution of the system is

fll :Alla f12 :AIQ(U/Q)_%_la
=0, f7? = Xaa;
gll = _ula 912 = MlQ(uz)_%_l7
921 — kUQ, 922 = lig9 (u2)7% _ Ul,
1 o —2 2 -2+1
Al =y (u?) h? =y (u?) * (53)

where Agp, ftap and v, are arbitrary constants.
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Substituting —% = m into the obtained functions, we proceed to the nonlinearities described in the first

item of Theorem 4 at m # 0, 1.

(b) at k = —1 nonlinearities, which satisfy system (52) are
A1 )\12> < 0 ,u12) 9 1 (Vl) o3
F= , G= u—u F, H= u
( A2l Ao -1 poo 2 ( )

where Agp, ftqp and v, are arbitrary constants, which correspond to the second item of Theorem 4.

Now we consider the case at k = 0. Substituting functions (49), which were found in Theorem 3 into
system (52) and solving it, we can see that at k = 0 the system is satisfied with the following values of the

nonlinearities:
A1 O 0
F_<0 S022), G =—-u'E, H_<O)’ w=1u?

where A{; is an arbitrary constant and ¢?? is an arbitrary smooth function of argument w. These nonlin-

earities coincide with the third item of Theorem 4, where symbols A;; = A, p?? = ¢ are introduced.
Similarly, solving the system of the determining equations for all non-equivalent representations of alge-

bra (31) defined in Table 2, we obtain the rest of the items of Theorem 4.
The theorem is proved. O

5.4. Invariance of system (1) under the Galilean algebra with mass operator
We study with what functional matrices ', G and H system (1) is invariant under the algebra AG™(1,1).

The following statement is true.
Theorem 5. System of equations (1) is invariant under the Galilean algebra with mass operator (35) if and

only if matrices F, G, H, to within equivalence transformations (23) and (24), are as follows:

—)\21(7'11,2)2 — ()\11 — /\22)7‘U2 + )\12)

/\21TU2 + A1
FU) =
@) ( A21 —Ao17u? + Moo
ma1 (tma1 + 1)u” + mao
L R R (54)
—ma21u” + N2
and Qo = Oy1, Q1 = Tu0y1 + Oz, Po(Tu?) = —ma1 (Tu?)? — (m11 — mag + Ao1)7u? +maz and Aap, Map, Na
are arbitrary constants;
plul) —% Piut) 0 X ()
F — u = H =
©=("" %) cw=(pth o) HO=(A5) 69
and Qo = u?dy2, Q1 =0, ¢ = p(ul), Y = yP*(ul), x* = x*(u') are arbitrary smooth functions;
F(U) = ( M Au_) GU) = ( et o )
Aou? Ao ) (—Ao1w +mo1)u?  —(Aag + 2Xa2 + Vw +mas )
%O./Q — (Tmll —+ mlg)w + ny > (56)

HU) =
( ) ('I.Lz[%(QT)\Ql + 2)\22 + 1)w2 — (Tm21 + mgg)w + TLQ]
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and Qo = 701 + u?0,2, Q1 = Oy, w = u' — Tlnu?;

A11 /\—122 —Inwu? + mq1 mi2
F U - u , G U = u ,
() ()\21u2 )\22> ) < Mo u? —(A21 + 1) Inu? + mao
In2u2 — myy lnu? 4+ nq
HU)=| 2 57
) < u?[—may Inu? + ny) > (57)
and QO = au17 Ql = u26u2 ;
)\11 — )\12’LL1 )\12 )
F(U) = 7
) <)\21 + (A1 — Aa2)ul — >\12(U1)2 Aoz + Apgut
G(U) = mir — m12u1 —w mi2 )
Pg(ul) — (2)\11 — )\12’11,1)(4) Mmoo + m12u1 — ()\12 + 1)w ’
2
© - mi1w + ni1
HU) = 2 ) ) 58
©) <(u71 + A1)w? — (myut + may)w + njul + ng (58)
and Qo = O + 102, Q1 = 02, w = u® — (u;)27 Py(ut) = may + (m1y — mag)u' — maa(u!)?;
FU) = ( A1 )qu-i) G(U) = < Alnw + mqq (Blnw—&—mlg)Z—;)
a >\21Z—f Aoz )’ B (Clnw—i—mgl)Z—f Dlnw + mao

H(U) = (—%(A—i—SB)lnzw— (m11 + smiz) Inw + ny)ut (50)

B (—3(C +sD) In? w — (Mg + smas) Inw + ng)u?

and Qo = u'dy + su?dy2, Q1 = u?dy2, w = e A= —(sh2 + 201 +1), B = =i, € = —shy,
D = —(Xa1 + 28A32 + 1);

F(U) = ( . Amz_;) GU) = <_(A12 IR ma s )
)\215—? oo /)7 (=21 Inu! + mgl):j—i —(2X2 + 1) Inut +mgs )’
(—mio Inut + nq)ut
HU) = 60
) <(2)‘222+11n2u1 — mag Inut + ny)u? (60)

and Qo = u0y2, Q1 = u'Oy1;

1

ro-(y ) eo-(Ge ) mo-(eln) @

S

and Qo = u'dy1 + su?dy2, Q1 =0, w = %, a, B, x* are arbitrary smooth functions, s # 0;
(ul)

I ESTRPST (—@ai+Nwtmy Pr(w) + (mgg — mu)z_;
n= < 0 All) ’ Gy = ( 0 — (2211 + Dw + Mmoo ) ,
w? (Mo — Dw? + 7miiw + nq] + ul Py(w
HU) = ( (A2 — %) +u2p2(w)+ ]+ ul Py( )) | -

and Qo = I+7u%0,1, Q1 = 1?0y, w = Z—;—Tln u?, Py (w) = =2(TA11+A12)w+mia, Po(w) = [(A11 + %)oﬂ—
Maow + Nal;
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1/1 —1 w11+w21z_; _(Z_;+1)(¢11+w21z_;)
—= , GU) = 1 ;
20 1 = (2 + 1)

u2xl +U1X2
) = ("), (63)

and Qo = I +u?0,1, Q1 =0, w= Z—; —Inu?, Y = (w), x* = x*(w) are arbitrary smooth functions;

ul ul !
FU) = ()\21F + A11 72)\(ﬁ)2 + (A22 — A1) iz + /\12> |

A21 _>\21Z_; + Aoo
GU) = (mmﬁ—; +4 PQ(Z_;) - (/\1711-1- /\22)lnu2> 7
ma1 —mao1;z + B
2
HU) = ul Py (Inu?) + u2[()\212+ %) ln2 w? — my; Inw? + ny | o
u? Py (Inu?)

1

and Qo = u0y1, Q1 =1, A= —(2Xa1 + 1) Inu? +mqy, B=—(Na1 +1) Inu? +mao, PQ(Z_;) = —mo1 (%)% +

u
(B — A)Z—; +mya, Pi(Inu?) = —moy Inu? + ny;
FO) ( it M — 2 XT eo A — %Xﬁ)
B —CQ+A2—%L;Xﬁ 01—)\14‘%5\'@ ’
1=, 2 =
ot + 8 — 2 pi a2+62—2ﬁ%6u> HU) ulx! 4 u?y?
)

GU = 2 = 1 = U = ) 65
v <—a2+62—%ﬁﬁ ol — 5" + 2B (—u1x2+u2x1) )

and Qo = k1l — koJ, Q1 = m1I —moJ, k2 = 1, |my| + |ma| #0, w = ko In@? + 2k; arctg Z—?, a = pw—+m,
B =rw+l, X = Jw+Gw+ii; p = zgim (2(c1k1 — c2ko) — Mk + 1,2(crke + coki) — Akt), 11 = (m1,ma),
o o I T e L
= s (i — koo, kida + ko), 7 = (na,ma), T= (I, ko), K = (<K, k1), § = Bhrber el
= kym—kiltkomt kol
g=Hr 12*1‘;771 Tkl o kay Aa, Ma, Na, la € R;
1 - 2k — 2% Bt 2k kLG — 2 G
F(U)=— (kl k2> ., GU)= ( ks 2“22& ko 2“21’6;) :
2\ ks ki 2hokf — 29 B 2hnktf + 2o B
ulxl +U2X2
o) = (1) (66)

and Qo = kil — kaoJ, Q1 = 0, w = koInw? + 2k; arctg Z—i, a® = a%(w), 8% = % w), x* = x“(w) are
arbitrary smooth functions, k, are arbitrary constants and k2 =1.

Proof. We consider the case when operators Qg and @ are Qg = 9y1, Q1 = 7102 + T2u?d,1 (that corre-
sponds to the first item in Table 3). Then the Galilean operator has the following coordinates

¢ =0, ¢ = o, n® = (z1 + 12u*)da1 + T10a2- (67)
Substituting (67) into (16)-(20) and splitting 21 into degrees, we obtain
@ =g =ht =0,
1 szb = T2 (f2b5a1 - fa15b2),
7'1932 = T2 (92175(11 - ga15b2) - beI - 5aba

2 1
Tlh32 = Tgh (5a1 _ga .

Since at 71 = 0 system (68)—(71) is inconsistent, we assume that 71 = 1.
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Thus, without loss of generality, we can assume that
G = 2901 + 10,1 + 7‘u28u1 + Oy2.
The general solution of (68)—(69) is

fll = /\217”&2 + /\11, f12 = —>\21 (TU2)2 — ()\11 — )\22)7’“2 + )\127
St = a1, [ = A7 + Aoa. (72)

Substituting g® = 1 — 124, into system (70), we reduce it to (69). Therefore, we can conclude that

2
1/)11 = mleu2 + maiz, 1/112 = —Ma1 (TU2) — (ma1 — m22)7u2 + mya,

21 22 2
P = Mo, P = —mo1Tu” + mag.

After the inverse substitution, we obtain

11

2
g = (tmoy — l)u2 + ma1, = —mo; (Tu2) — (m11 — m22)7"u2 + Mg,

g2 =
g*' = moy, 9% = —(Tma1 + 1)u® + mao. (73)

Substituting (73) into the system of equations (71) and solving it, we have

1
hl = (—Tm21 + §) (u2)2 —|- (TTLQ - mll)u2 + ny, h2 — —m21u2 —|— ny. (74)

Formulas (72), (73) and (74) determine functions (54).
The other items of this theorem are proved in the analogous way.
The theorem is proved. O

5.5. Invariance of system (1) under the extended Galilean algebra with mass operator

We study which functional matrices F';, G and H allow system (1) to be invariant under the algebra
AGM(1,1).
The following statement is true.

Theorem 6. System of equations (1) is invariant under extended Galilean algebra with mass operator (36)
if and only if matrices F, G and H, to within equivalence transformations (23) and (24), are as follows:

A 0 —u? 1 1
ro = (7 0 ) em=(T M) HO =56 (y). (79
and Qo = 8u17 Q1= au% Q2 = _u28u2 ;

ro) = (N TE) e (I ). o= @) (), )

0 -5 m21u2 Nl

and QO = u2au27 Ql =0, QZ = _%_Hulauly k 7& -1;

Hoy = ( 0 A22> - G0 <rr;?;2 —(2)\220+ 1)“1> ’
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and Qo = u26u27 Q1= 8u17 Q2 = _ulaul ;

roy= (7 ) ewy=w (M m) o) = (1)

T2 —smiayT M2 nau
2
and Qo = u' Oy + su?0,2, Q1 =0, Qy = —%u23u2, w = (L’L‘T)S, s#0, k#0;

F(U):(/\él ;31), G(U)z—(?x\n—irl)Z—;((l) (1))

and Qo =1, Q1 = u?dy1, Q2 = u?dy2;

1 1 1
L/ - mi +ma1ts  —(% +7)(m + mar s
F{U)=—-- ( 7')7 G(U) = em ( 11 2172 (u2 u)l( 11 21u2)>’
2N0 T ma1 —(iz + 7)ma
2 1
mw [ MW+ nou
H(U) = 62 < n2u2 ) 7 (80)

and Qo = I +71u?0,1, Q1 =0, Qg = f%u28u1, w= Z—; —7lnu?, m#0;

1/1 0 mnu—; —mn(%)? ul 2 nqut
F = —— GWU) = “ “ , HU)=|— , 81
© 2 <0 1>7 © < mai —Mm21 ) © <U2> <”2U2> (81)
and QO = 17 Ql = 0; Q2 = u26u2;

1k —ky o, [ 2kiki - PG 2k R — 2
F(U>:_§ k k ’ G(U):e "_,_M_,_, P E_,_. 3
2 1 2kokm — Srmal 2kok—m + Srma
ei‘“( it cos 3w + [+ sin Ziw )

HU) = | (82)

_ i ma 27 in Mma
nu— cos Aw—i—nusm AW

and Qo = k1l —koJ, Q1 =0, Q2 = ksI+m3J, w = ko In @242k, arctg Z—i, A = koks—kimg, m = (mq,m2).

Proof. We consider nonlinearities (54). Extension of the Galilean algebra by mass operator is possible only
at 7 = 0. According to Table 4, the operator of scale transformations has the form D = 2x¢0y + 2101 +
k30,1 — u?0,2. Since algebra (36) includes operator Qo = 0,1 under the condition, that nonlinearities of
system (1) has the form (54) thus, without loss of generality, we can assume that k3 = 0. Therefore its
coordinates are

50 = 21’0, 61 =T, 77a = _5112“2' (83)

Substituting (83) into (16)—(20), we obtain

Sz f?" — b2 =0, (84)
—6e2u? g2 + g — Gp29"% + 429" = 0, (85)
—u?h%s + 2% 4 S49h% = 0. (86)

Substituting (54) into the system of equations (84)-(86) and solving it, we get that A\jo = Aoy = my; =
Mo = Mag = n1 = Ny = 0. Thus, nonlinearities F'; G and H have the form (75).
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The first item of the theorem is proved.
Using similar reasoning, we can prove other items of this theorem. 0O

5.0. Invariance of system (1) under the generalized Galilean algebra with mass operator
We study which functional matrices F', G and H allow system (1) to be invariant under the algebra
AGY(1,1).

The following statement is true.

Theorem 7. The system of equations (1) is invariant under the generalized Galilean algebra with mass
operator if and only if it has the following form, to within equivalence transformations (23), (24):

wol(y Ao+ (7 e )

and Qo = D1, Q1 = Oy2, Q2 = (M1 + ma2)0y1 — u?dy2, Q3 = 0;

1

B Al —i= myut 0 ne [(niut
vo=an (0 T w0 D)o (1 ). (58)

2

and Qo = u?0y2, Q1 =0, Q2 = —u'dy1 + $u?d,2, Q3 = 0;

/\11 0 *Ul O 1\2 2 0
Uy =0 U U 89
0 1[( 0 /\22> 1}+(m21u2 —(2)\22+1)u1> 1+(u) u )\22+% ) (89)
and QO = u28u27 Ql = a’uly QQ - _ulaul + ()‘22 + m?l)UQauzy Q3 - 0;
-1 0 —sm mi 1
U0=31{< 2 1 >U1]+w2< 1i2 11u2>U1 +W4<n1u2>: (90)
0 -5 —smigyr M2 n2u
and Qo = u'0yr + su?0,2, Q1 =0, Qs = —%(I—l— su?0,2), Q3 =0, w = (1712)5 , 8#0;

N|=

— 0 u? (niut
a2 (1)

and Qo =1, Q1 =0, Q2 = (—3 + =T — 20?92, Q3 = —L—u'0y2, Ny # no;

niy—mnso nip—n2
1/1 -1 min+mar s (% + 1) (mag +mar s
Us = 0, {__ ( ) Ul} Lo ( 11 21752 (i u)l( 11 21 u2)> U,
2\ 0 1 mo1 _(u_2 + 1)m21
2 1
+e ("1u e ) (92)
noau

and Qo =1 +u?dy, Q1 =0, Qo= —3I, Qs =0, w =25 — Inu?;

u?2

1k —k o [ 2k R — 2 2k ki — 2% i
U():al |:__ ( 1 2>U1:| +€k12 < 1_»_' 2u22 o 1_’J__’ 2u21 _’_') Ul
2\ky ki 2kokt — ZEmad 2kokTm + Z-mi

et (00, (%3)

—nu

and Qo = k1l — ko, Q1 =0, Qo = —L1, Q3 =0, 17 = (m1,m0), w = ko In @2 + 2k; arctg %, |k| = 1.
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Proof. We consider the system (1) with nonlinearities (75). For the system (1) with such nonlinearities the
generalization of the extended Galilean algebra with mass operator, according to Table 5, is possible only
at Q3 = 0. Then operator IT has the following coordinates:

22
€% = a3, ¢ =z, n* = ba1 (21 + kgwo) + 602 (—wou® + 21). (94)

We substitute (94) into (16)—(20) and split the obtained equations into xg and 1. As a result, we obtain
system of equations (70) and (71), performed according to Theorem 5 and (84)-(86), which satisfy the
previous theorem and the following system:

F+ g°% + Gagu® — Sarks = 0. (95)

From (75), (95), it follows that k3 = A11 +mi2. Thus, system (1) with nonlinearities (75) has the form (87).
So, the first item of the theorem is proved. The other items of this theorem are proved in the same way.
The theorem is proved. O

6. Exact solutions of the Van der Waals system

We consider the system, which has been obtained in the second case of Theorem 4. At A\ja = Aoy = v =
Vo = 9o = 0 it has the form

u(l)—i—ului = )\Huh—i—,ulgtﬁuf,
ud+utu? = Aopu? | —uPui. (96)
System (96) is a system of equations of the Van der Waals fluid, where u! is the velocity of the fluid, u? is

the density, A11 is the kinematic viscosity coefficient, Ao is the diffusion coefficient, p15 is the convection
coefficient. This system is invariant under the generalized Galilean algebra

AGQ(I, 1) = <80, 01, G=x001 + 0y1, D=2x00) +x10, — I, Il = (Egao + 202101 + 10,1 — $OI> (97)

We use the symmetry properties of the system (96) for finding its exact solutions.
The nonequivalent ansétze, which were constructed using the operators of algebra (97), have the form

1_ gl@itzow 2 W) 2
\/ch+1’ \/ngrl’

S
I
S

where ¢%(w) — arbitrary smooth functions, k¥ — an arbitrary constant.
These ansétze reduce system (96) to the following systems of ODEs

(1) A"+ (k= ") (") + p129(9?) =0,
Ao (%) + (k= ")) — @2 (p") = 0;
(2) A" = @ (@") + p2e*(?) — k=0,
Aa2(0?)" = (p'9?) = 0;
(3) 2A11(p")" + (1 —=2(") )" + w(P") + 2u120%(9*) =0,

1
w =201 (%) + (1= 2(¢"))* = 0;
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Fig. 1. Exact solution (99) at C =6, A\11 = 0.6, p12 =1, k = 1.

[
N w & o
RN RN N RN E NN RN

N

o

Fig. 2. Exact solution (100) at A11 = 0.2, p12 = 5, A2a = 0.5.

(4) A1(@h)” = @M (") + p12¢?(9?) —w = 0,
Aoz (%) = (p'9?) = 0.

Solving the first reduced system and using a corresponding ansatz, we find the solutions of system (96)
at A2 = A11

20011 (Ce® + 1) 4o e
1 2
YT (G 1)2 f dppgeow T T OA YT (Ceow 112 + dpugpeew (%8)
2)\1100 C
1 _ 2 _
u_k_w2+ﬂ’ eI (99)

where w = x1 — kxg, 5 = Cf)\‘%i?; a, k, C — const. Solution (99) at C' = 6, \11 = 0.6, p12 =1, k =1 is

presented in Fig. 1.
Solving the forth reduced system, we find the solution of system (96):

L ToTi a2 s 1 ( v )\22(>\22—2/\11)> (100)

= — , uc =
4+1 Vi \z2 +1 1

Solution (100) at A1; = 0.2, p12 = 5, Aa2 = 0.5 is presented in Fig. 2.

In Figs. 1 and 2 the upper graphs are u!, and lower graphs are u2. The solutions, which are shown in the
figures, are continuous, bounded and non-negative. So we may suggest that they can be used for description
of some specific physical processes.

Solutions (98), (99) are plane wave solutions, but if they are reproduced by transformations, which are
generated by the projective operator I1:
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2

Zo ’ X1 (ul)/ o ul - 9I1 ( 2)/ u

! — — =
xo_l*@l‘oj 1 1701’07 170%07 179!170,

where 6 — group parameter, then we obtain the solutions of system (96), which are non-plane wave solutions,

ul _ k — 3719 _ 2)\11(.131 — kl‘o) u2 _ 20/\11(1 — 91‘0)
1—0xg (CCl — kl’o)z + 02}“2(1 — 9130)2’ (331 — k$0)2 + 02,&12(1 — 0$0)27
1 2ar11(Ce™ 4+ 1) 4o e
1 11 2 11
= — 210+ k — a) =
R ((Cea“’ +1)2 4 4pyge2ow noth-a 11)’ “ (1 —200)((Ce™ +1)2 + 4pujge20w)’
where w = %.

7. Conclusions

After analyzing the results, we can see that some of the obtained systems are a generalization of the
previously known ones. System (96) is a system of equations of the Van der Waals fluid that is effectively
used for description of processes of the kinetic molecular theory of gases and liquids [23]. System (88)
summarizes a system of chemotaxis equations [47], which describes the formation and spread of the Adler
chemotactic rings and various processes of the structure formation in bacterial colonies in their interaction.
System (90) is a nonlinear system of convection—diffusion equations, obtained in papers [9] and [48]. Systems
(89), (91) and (92), (93) generalize some results, which were obtained in works [4-7] and [33—-38] respectively,
where the group classification of reaction—diffusion systems has been studied. If in system (93) we proceed
to a function of a complex variable, we obtain a generalization of the Ginzburg—Landau equation, which is
the main nonlinear equation of physics of non-equilibrium environment and describes a diffuse chaos and
dissipative structures in hydrodynamics, physics of lasers and chemical kinetics (see, e.g., [11,19,26,32])

o = — s + | 2 kb = (WP),) + e 2 (101)

where 1 = u! +iu?, k,m,n € C. Symmetry properties of the Ginzburg-Landau equation have been studied
in papers [2,34].

At ky = 0, from Eq. (101) we can get a generalization of the Schrodinger equation with a derivative
nonlinearity (see, e.g., [3,13-16,20,21,43])

i = 5o+ [a(9f), + B4y (102)

where «, 8 € C that is invariant under the generalized Galilean algebra with mass operator AGéw (1,1).
Eq. (102) belongs to the class of equations

i)y = *%1/111 + (A1 4 X2lY)? + As|o* + M |Y?) Y + (A5 + X6 |v]?) 012,

which is used for modeling of wave processes in different parts of physics, for example, in nonlinear optics.
They include, for instance, the Alfvén waves with circular polarization, which are magnetohydrodynamical
waves, spreading in plasma with a magnetic field, the Stokes waves in a fluid of finite depth, etc. (see, e.g.,
[28-31,44]).

Thus, in this paper we have found, to within equivalence transformations (23) and (24) nonlinearities f,
g, b, which allow system (1) to be invariant under the Galilean algebra (with and without mass operator)
and their main extensions by operators of scale and projective transformations. Among the obtained systems
there are generalizations of such well-known equations as the Schrédinger equation, the Ginzburg—Landau
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equation, a chemotaxis system, the Van der Waals system, etc. Since the obtained systems have certain
symmetry properties, which are a certain characteristic of similar systems, describing processes, based on
the principle of Galilean relativity, they are more suitable for a description of such processes.
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